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Abstract
In this article we investigate cylindrical thin-shell wormholes which are asymptotically anti-
de Sitter. We analyze their stability under perturbations preserving the symmetry by using
two different methods. We compare the results with those corresponding to the wormholes
constructed from the Levi-Civita spacetime. We find that the configurations always require the
presence of exotic matter at the throat, and, in the case of the linearized stability analysis, they
can be stable for suitable values of the parameters.
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1 Introduction
Traversable Lorentzian wormholes were first considered by Morris and Thorne [1]; because of the
interesting unusual properties of these topologically non trivial geometries, in the years after this
leading work they have received considerable attention [2]. A major objection against their actual
existence, however, is the necessity of “exotic” matter (not fulfilling the energy conditions) sup-
porting the wormholes; within the framework of general relativity this difficulty cannot be avoided
in the case of compact wormhole geometries. Therefore, wormholes of the thin-shell class [2–4],
that is, those which are mathematically constructed by cutting and pasting two geometries, present
a particular interest because in such configurations the exotic matter can be restricted to a layer
placed at the throat (see Refs. [5, 6] and references therein).
In the last three decades, cosmic strings [7] have been the object of a thorough study, because
of their possible relevance in the process of structure formation in the early Universe [8], and also
because, in principle, they could be detected by gravitational lensing effects [9]. Besides, open or
closed fundamental strings are the center of present day programs in the search for a unified theory
of the fundamental interactions. Then the interest in the gravitational effects of both fundamental
and cosmic strings and, in general, in axially symmetric solutions of the equations of gravitation,
has been recently renewed (for instance, see Ref. [10]). Consequently, cylindrically symmetric
wormholes have been studied in the last few years; see Refs. [11–22]. In particular, a remarkable
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aspect was noted in Ref. [16]: cylindrically symmetric wormholes admit two definitions of the
throat, and one of them –that the geodesics restricted to a plane normal to the symmetry axis open
up– can be compatible with the energy conditions even within the framework of general relativity.
It has been shown that such cylindrical wormholes satisfying the weak energy condition cannot
have a flat or local cosmic string asymptotic behavior at both sides of the throat. Wormholes
associated with an azimuthal magnetic field and supported by non exotic matter were found; they
are neither symmetric with respect to the throat nor flat or local string like at infinity (see Ref. [16]
and references therein). The possibility of cylindrical thin-shell wormholes supported by a layer
of positive energy density placed at the throat was proved in Ref. [18] within the framework of
Einstein’s gravity. Besides, the linearized stability of generic thin-shell wormholes was studied in
Ref. [23].
Cylindrical spacetime solutions with non vanishing cosmological constant Λ were found in Refs.
[24, 25]; they are known as the Linet–Tian metric or the Levi-Civita metric with a cosmological
constant, and are associated to the exterior of a cosmic string. Several interesting features of these
geometries were analyzed in Refs. [26–29]. A case of particular interest is the one corresponding to
a negative cosmological constant, which is asymptotically anti-de Sitter. In recent years, anti-de
Sitter spacetimes have been of interest within the context of supergravity and string theories; in
particular, they play an important role in M-theory. The AdS/CFT correspondence conjecture
provides a link between gravity and conformal field theory. The Linet–Tian metric with Λ < 0 has
the form [24,25,27]:
ds2 = −Q(r)2/3P (r)−2ζ(k)/3α(k)dt2 + dr2 +Q(r)2/3
[
ξ−2P (r)2ǫ(k)/3α(k)dϕ2 + P (r)2γ(k)/3α(k)dz2
]
,
(1)
where
P (r) =
2√
3|Λ| tanh
(√
3|Λ|r
2
)
,
Q(r) =
1√
3|Λ| sinh
(√
3|Λ|r
)
,
α(k) = 4k2 − 2k + 1, ζ(k) = 4k2 − 8k + 1, ǫ(k) = −4k2 − 4k + 2, and γ(k) = 8k2 − 4k − 1.
The constant ξ is related to the angle defect, and the parameter k is related, but not equal, to
the linear mass density of the source. When Λ → 0, we have that P (r) = Q(r) = r and one
recovers the Levi-Civita spacetime [30]. For the parameter k, the physically relevant range [27,29]
is 0 ≤ k ≤ 1/2. The solution (1) is singular in the axis r = 0, except for the cases k = 0 and k = 1/2.
When k = 0 the geometry corresponds to the so-called non uniform anti-de Sitter universe, which
is one of the two known vacuum solutions of the Einstein equations with a negative cosmological
constant [31]. If k = 1/2, it has been shown [26, 27] that with a suitable coordinate change the
spacetime corresponds to a black string.
Cylindrical thin-shell wormholes were constructed from the Linet–Tian metric with a positive
cosmological constant [21, 23], for which the stability was recently studied. In the present article,
we consider the mathematical construction and characterization of cylindrically symmetric thin-
shell wormholes with a negative cosmological constant; in particular, a detailed analysis of their
stability under perturbations preserving the symmetry is performed. Two different approaches for
the stability analysis are adopted: in the first one, we assume that the equations of state for the
static configuration are preserved along the evolution of the perturbation, and in the second one,
we assume a linearized equation of state relating each pressure with the surface energy density.
We compare the results with those corresponding to the thin-shell wormholes obtained from the
Levi-Civita metric. We adopt units such that G = c = 1.
2
2 Wormhole construction
The mathematical construction of generic thin-shell wormholes with cylindrical symmetry (see
Ref. [18]) starts from a metric which, in coordinates Xα = (t, r, ϕ, z), has the form
ds2 = −A(r)dt2 +B(r)dr2 + C(r)dϕ2 +D(r)dz2; (2)
here A, B, C, and D are positive functions of the radial coordinate only. Two copies M± =
{X/r ≥ a} of the region with r ≥ a are taken, and then joined at the hypersurface Σ ≡ Σ± =
{X/r−a = 0}. The resulting new manifoldM =M+∪M− is geodesically complete. If a flare-out
condition is satisfied, that is, if the geometry opens up at the radius a, the construction determines
a cylindrically symmetric thin-shell wormhole with two infinite regions connected by a throat at
Σ. We apply the standard Darmois-Israel formalism [32–34]. At the throat we adopt coordinates
ξi = (τ, ϕ, z), with τ the proper time on the shell. The radius of the throat is, in general, a function
of τ , that is, a = a(τ); in this case, the shell is defined by Σ : H(r, τ) = r − a(τ) = 0. The energy
density and pressures of matter on the shell are related with the extrinsic curvature Kij at the two
sides of it. The relation is given by the Lanczos equations
− [Kij ] + [K]gij = 8πSij , (3)
where [Kij ] ≡ Kij+ −Kij−, [K] = gij [Kij ] is the trace of the extrinsic curvature tensor and Sij is
the surface stress-energy tensor. If we define the unit normals n±γ (so that n
γnγ = 1) to the surface
Σ as
n±γ = ±
∣∣∣∣gαβ ∂H∂Xα ∂H∂Xβ
∣∣∣∣
−1/2 ∂H
∂Xγ
, (4)
then the extrinsic curvature at each side of the shell is given by
K±ij = −n±γ
(
∂2Xγ
∂ξi∂ξj
+ Γγαβ
∂Xα
∂ξi
∂Xβ
∂ξj
)∣∣∣∣
Σ
. (5)
Working in the orthonormal basis {eτˆ =
√
1/A(r)et, eϕˆ =
√
1/C(r)eϕ, ezˆ =
√
1/D(r)ez}, for
which g
ıˆˆ
= η
ıˆˆ
= diag(−1, 1, 1), we obtain
K±τˆ τˆ = ∓
2A(a)B(a)a¨ +A′(a) + [A(a)B′(a) +A′(a)B(a)]a˙2
2A(a)
√
B(a)
√
1 +B(a)a˙2
, (6)
K±ϕˆϕˆ = ±
C ′(a)
√
1 +B(a)a˙2
2C(a)
√
B(a)
, (7)
and
K±zˆzˆ = ±
D′(a)
√
1 +B(a)a˙2
2D(a)
√
B(a)
, (8)
where the dot and the prime stand for d/dτ and d/dr respectively. Therefore the surface energy
density σ = Sτˆ τˆ and the pressures pϕ = Sϕˆϕˆ and pz = Szˆzˆ for the matter on the shell are given by
σ = −
√
1 +B(a)a˙2
8π
√
B(a)
[
C ′(a)
C(a)
+
D′(a)
D(a)
]
, (9)
pϕ =
1
8π
√
B(a)
√
1 +B(a)a˙2
{
2B(a)a¨+B(a)
[
A′(a)
A(a)
+
B′(a)
B(a)
+
D′(a)
D(a)
]
a˙2 +
A′(a)
A(a)
+
D′(a)
D(a)
}
,
(10)
3
pz =
1
8π
√
B(a)
√
1 +B(a)a˙2
{
2B(a)a¨+B(a)
[
A′(a)
A(a)
+
B′(a)
B(a)
+
C ′(a)
C(a)
]
a˙2 +
A′(a)
A(a)
+
C ′(a)
C(a)
}
.
(11)
The definition of the wormhole throat usually applied to compact configurations states that it is a
minimal area surface. In the cylindrical case, the area function A(r) = 2π
√
C(r)D(r) should then
increase at both sides of the throat, and this implies that (CD)′ (a) > 0. We can call it the areal
flare-out condition. If (CD)′ (a) = C ′(a)D(a) + C(a)D′(a) > 0, from Eq. (9) it follows that the
surface energy density is negative, so the matter at the throat is exotic. However, Bronnikov and
Lemos [16] recently introduced a new throat definition which only requires that the circular radius
function R(r) =
√
C(r) has a minimum at the throat; thus, we can call this one the radial flare-out
condition. This definition implies C ′(a) > 0, imposing no condition on the sign of (CD)′(a); in
principle, depending on the metric considered, this could make possible a positive energy density.
In the case of the wormholes constructed from the spacetime given by Eq. (1), by using the
equations above, we find the energy density and the pressures
σ = −
√
1 + a˙2
√
3|Λ|
[
2α(k) cosh
(√
3|Λ|a
)
+ ζ(k)
]
12πα(k) sinh
(√
3|Λ|a
) , (12)
pϕ =
1
4π
√
1 + a˙2

a¨+
√
3|Λ|
[
2α(k) cosh
(√
3|Λ|a
)
− ǫ(k)
]
(1 + a˙2)
3α(k) sinh
(√
3|Λ|a
)

 , (13)
pz =
1
4π
√
1 + a˙2

a¨+
√
3|Λ|
[
2α(k) cosh
(√
3|Λ|a
)
− γ(k)
]
(1 + a˙2)
3α(k) sinh
(√
3|Λ|a
)

 . (14)
Note that there is no dependence with the parameter ξ of the metric. It is not difficult to see that
the energy density at the shell is always negative for all the values of the parameter k (in the range
0 ≤ k ≤ 1/2 adopted in this work) and for any throat radius a. This result is valid even if the radial
flare-out condition is used. So the weak energy condition (which requires σ ≥ 0 and σ + pj ≥ 0)
cannot be fulfilled in our construction, and the matter at the throat is exotic.
For comparison, let us analyze the case of wormholes constructed from the Levi-Civita metric
(Λ = 0), for which we obtain that the energy density and the pressures are given by
σ(a) = −
√
1 + a˙2(1− 2k)2
4πa (4k2 − 2k + 1) , (15)
pϕ(a) =
1
4π
√
1 + a˙2
[
a¨+
4k2(1 + a˙2)
a(4k2 − 2k + 1)
]
, (16)
pz(a) =
1
4π
√
1 + a˙2
[
a¨+
1 + a˙2
a(4k2 − 2k + 1)
]
. (17)
The energy density at the shell is always negative for all the values of k and a, even if the radial
flare-out condition is adopted. Then, the weak energy condition is not satisfied, and the matter at
the throat is also exotic.
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3 Stability
The static values of the energy density and the pressures are obtained by putting a˙ = 0 and a¨ = 0
in Eqs. (9), (10), and (11):
σ(a0) = − 1
8π
√
B(a0)
[
C ′(a0)
C(a0)
+
D′(a0)
D(a0)
]
, (18)
pϕ(a0) =
1
8π
√
B(a0)
[
A′(a0)
A(a0)
+
D′(a0)
D(a0)
]
, (19)
pz(a0) =
1
8π
√
B(a0)
[
A′(a0)
A(a0)
+
C ′(a0)
C(a0)
]
, (20)
where a0 is the constant throat radius. Then, the static wormhole associated to the background
geometry given by Eq. (1) is supported by a shell at the throat with the surface energy density
σ(a0) = −
√
3|Λ|
[
2α(k) cosh
(√
3|Λ|a0
)
+ ζ(k)
]
12πα(k) sinh
(√
3|Λ|a0
) , (21)
and the pressures
pϕ(a0) =
√
3|Λ|
[
2α(k) cosh
(√
3|Λ|a0
)
− ǫ(k)
]
12πα(k) sinh
(√
3|Λ|a0
) , (22)
pz(a0) =
√
3|Λ|
[
2α(k) cosh
(√
3|Λ|a0
)
− γ(k)
]
12πα(k) sinh
(√
3|Λ|a0
) . (23)
In the Λ = 0 case, we find that
σ(a0) = − (1− 2k)
2
4πa0 (4k2 − 2k + 1) , (24)
pϕ(a0) =
k2
πa0(4k2 − 2k + 1) , (25)
pz(a0) =
1
4πa0(4k2 − 2k + 1) . (26)
In what follows, we adopt two possible formalisms for the stability analysis of the static config-
urations, previously presented in a general form in Refs. [18] and [23]. We consider small pertur-
bations, so we assume that the geometry outside the throat remains static.
3.1 Fixed equations of state
A possible approach to the study of the mechanical stability relies on the fact that we are interested
in small perturbations starting from a static solution, so that the evolution of the shell matter can
be considered as a succession of static states [15, 17]. We summarize here our general analysis for
radial perturbations introduced in Ref. [13] and generalized in Ref. [18], in which we fix the form
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of the equations of state. By using Eq. (18), we see that Eqs. (19) and (20) can be recast in the
form
pϕ(a0) = −C(a0)[A(a0)D
′(a0) +A
′(a0)D(a0)]
A(a0)[C(a0)D′(a0) + C ′(a0)D(a0)]
σ(a0), (27)
pz(a0) = −D(a0)[A(a0)C
′(a0) +A
′(a0)C(a0)]
A(a0)[C(a0)D′(a0) + C ′(a0)D(a0)]
σ(a0). (28)
Then, the functions A(a0), C(a0), and D(a0) determine the equations of state pϕ(σ) and pz(σ) of
the exotic matter on the shell. Hence, we can assume that the equations of state for the dynamic
case have the same form as in the static one, i.e. that they do not depend on the derivatives of
a(τ); then pϕ(σ) and pz(σ) are given by Eqs. (27) and (28) with a instead of a0. Therefore, as
we have shown in our previous works, even in the most general case of a wormhole connecting two
geometries of the form (2) a simple second order differential equation for a(τ) is obtained:
2B(a)a¨+B′(a)a˙2 = 0. (29)
Now, in our case for both Λ < 0 and Λ = 0, the metric has B(r) = 1, so that a¨ = 0, a˙(τ) = a˙(τ0)
and then
a(τ) = a(τ0) + a˙(τ0)(τ − τ0). (30)
So, when given in terms of the proper time on the shell, the radius of the wormhole throat can
only undergo a monotonous evolution with constant speed. This result is a particular case of the
general behavior found in our previous articles.
3.2 Linearized analysis
Let us review the formalism introduced in Ref. [23], which was previously developed for the spher-
ically symmetric case in Refs. [3–6]. From Eqs. (9), (10), and (11), we can obtain the conservation
equation
d(Aσ)
dτ
+ pϕ
A√
C(a)
d
√
C(a)
dτ
+ pz
A√
D(a)
d
√
D(a)
dτ
= a˙AF(a), (31)
where A = 2π√C(a)D(a) and
F(a) = −σ
2
{
A′(a)
A(a)
+
B′(a)
B(a)
+
[
C ′(a)2
C(a)2
− 2C
′′(a)
C(a)
+
D′(a)2
D(a)2
− 2D
′′(a)
D(a)
] [
C ′(a)
C(a)
+
D′(a)
D(a)
]−1}
.
In the left hand side of Eq. (31), the first term represents the internal energy change of the throat,
and the second and the third terms represent the work done by the internal forces of the throat;
while the right hand side corresponds to a flux. By using that d/dτ = a˙d/da, this conservation
equation can be rewritten to give
(Aσ)′ +Apϕ
[√
C(a)
]′
√
C(a)
+Apz
[√
D(a)
]′
√
D(a)
= AF(a). (32)
The last equation can be formally integrated to obtain σ = σ(a) if the pressures are known as
functions of the energy density. From Eq. (9), we can write the equation of motion of the throat
in the form
a˙2 + V (a) = 0, (33)
6
with the potential
V (a) = B(a)−1 − (8π)2
[
C ′(a)
C(a)
+
D′(a)
D(a)
]−2
σ2. (34)
A Taylor expansion to second order of the potential V (a) around the static solution gives
V (a) = V (a0) + V
′(a0)(a− a0) + V
′′(a0)
2
(a− a0)2 +O(a− a0)3. (35)
It is easy to see that V (a0) = 0. Taking the derivative of the potential and using the conservation
equation (32), we have that V ′(a0) = 0. Using Eq. (32) again and introducing the parameters
η1 = (dpϕ/dσ)(a0) = p
′
ϕ(a0)/σ
′(a0) and η2 = (dpz/dσ)(a0) = p
′
z(a0)/σ
′(a0), the second derivative
of the potential evaluated at a0 reads
V ′′(a0) =
C ′(a0)D
′(a0)χ(a0) + [C
′(a0)D(a0)η1 + C(a0)D
′(a0)η2] Ω(a0)
B(a0) [C ′(a0)D(a0) +C(a0)D′(a0)]
, (36)
where
χ(a0) =
A′(a0)
A(a0)
[
C(a0)
C ′(a0)
+
D(a0)
D′(a0)
] [
−A
′(a0)
A(a0)
+
A′′(a0)
A′(a0)
− B
′(a0)
2B(a0)
]
−B
′(a0)
B(a0)
− C
′(a0)
C(a0)
+
C ′′(a0)
C ′(a0)
− D
′(a0)
D(a0)
+
D′′(a0)
D′(a0)
,
and
Ω(a0) =
C ′(a0)
C(a0)
[
− B
′(a0)
2B(a0)
− C
′(a0)
C(a0)
+
C ′′(a0)
C ′(a0)
]
+
D′(a0)
D(a0)
[
− B
′(a0)
2B(a0)
− D
′(a0)
D(a0)
+
D′′(a0)
D′(a0)
]
.
A static solution is stable under radial perturbations if V ′′(a0) > 0. So the stability analysis reduces
to the study of the sign of the second derivative of the potential.
For the static wormhole constructed from the metric given by Eq. (1), we obtain that
V ′′(a0) =
2Λ
[
ζ(k) cosh
(
a0
√
3|Λ|
)
+ 2α(k)
]
α(k)
[
2α(k) cosh
(
a0
√
3|Λ|
)
+ ζ(k)
]
sinh2
(
a0
√
3|Λ|
)
×
[
(η1 + η2 − 1)α(k) cosh
(
a0
√
3|Λ|
)
+ η1ǫ(k) + η2γ(k) + ζ(k)
]
. (37)
The functions in the denominator α(k) and sinh2(a0
√
3|Λ|) are always positive, and the function
2α(k) cosh(a0
√
3|Λ|) + ζ(k) is also positive for all k within the range 0 < k < 1/2, so using that
Λ < 0 we can simplify the condition for V ′′(a0) > 0 in the form[
ζ(k) cosh
(
a0
√
3|Λ|
)
+ 2α(k)
] [
(η1 + η2 − 1)α(k) cosh
(
a0
√
3|Λ|
)
+ η1ǫ(k) + η2γ(k) + ζ(k)
]
< 0.
(38)
We see that this inequality is rather complicated to be interpreted analytically. So we show the
results graphically in Figs. 1 and 2, in the plane (η1, η2), for some relevant values of the other
parameters. For given values of Λ, k, and a0, in each plot the stable region (in gray) is limited by
the straight line[
α(k) cosh
(
a0
√
3|Λ|
)
+ ǫ(k)
]
η1+
[
α(k) cosh
(
a0
√
3|Λ|
)
+ γ(k)
]
η2 = α(k) cosh
(
a0
√
3|Λ|
)
−ζ(k),
(39)
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Figure 1: Thin-shell wormholes constructed from the Linet–Tian metric with Λ < 0: linearized
stability regions (in gray) in the plane (η1, η2), for k = 0.1 and several values of a0
√|Λ|.
which has a positive slope for small values of a0
√|Λ|; this slope becomes negative as a0√|Λ|
increases. If the stable region lies above or below this line depends also on the sign of the expression
ζ(k) cosh(a0
√
3|Λ|) + 2α(k), which is positive for small k and becomes negative as k grows (the
value where it changes sign is determined by a0|Λ|). The plots corresponding to small values of k,
exemplified by Fig. 1 for k = 0.1, show that the stable region is above the straight line for small
values of a0
√
|Λ| and is below this line as a0
√
|Λ| grows. When k is large, as displayed in Fig. 2 for
k = 0.4, the stable region is above the limiting line for small a0
√
|Λ|, below this line when a0
√
|Λ|
grows, and then above again. From the figures we see that, for appropriate values of k and a0
√
|Λ|,
stable configurations can be found with both η1 and η2 belonging to the interval [0, 1], which is
an useful feature if one wants to interpret these parameters as the squared velocity of sound in
the corresponding directions. But for the exotic matter at the throat, this interpretation is not
mandatory [4].
In the case of wormholes constructed from the Levi-Civita geometry, we find that the second
derivative of the potential takes the form
V ′′(a0) =
−2η1 − 8k2η2 + 4k(η1 + η2 + 1)
a20 (4k
2 − 2k + 1) , (40)
where 0 < k < 1/2, as stated previously. The denominator is always positive, so the stability
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Figure 2: Thin-shell wormholes constructed from the Linet–Tian metric with Λ < 0: linearized
stability regions (in gray) in the plane (η1, η2), for k = 0.4 and several values of a0
√|Λ|.
-4 -2 0 2 4
-4
-2
0
2
4
Η1
Η
2
-4 -2 0 2 4
-4
-2
0
2
4
Η1
Η
2
Figure 3: Thin-shell wormholes constructed from the Levi-Civita metric (Λ = 0): linearized stability
regions (in gray) in the plane (η1, η2), for k = 0.1 (left) and for k = 0.4 (right). The results do not
depend on a0 (see text).
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condition V ′′(a0) > 0 reduces to
− (1− 2k)η1 + 2k(1− 2k)η2 + 2k > 0, (41)
which is independent of the throat radius a0. We show the results in the plane (η1, η2) for different
values of the other parameters in Fig. 3. We see that, for a given value of k (two values: 0.1 and
0.4 are shown in the plots), there is a stable region above the line
− (1− 2k)η1 + 2k(1 − 2k)η2 = −2k. (42)
It is easy to verify that the slope of this line is positive and a decreasing function of k. Configurations
with both η1 and η2 within the interval [0, 1] are possible for all values of k in the range adopted.
4 Discussion
We have constructed cylindrical thin-shell wormholes with anti-de Sitter asymptotics, starting from
the Linet–Tian metric with Λ < 0. We have characterized the matter at the throat, finding that it
cannot satisfy the energy conditions for any of the two usual flare-out definitions; i.e. it is always
exotic. We have also studied the case with Λ = 0, corresponding to wormholes constructed from
the Levi-Civita spacetime, which are also always supported by exotic matter at the throat. We
have performed two different stability analyses under perturbations preserving the symmetry. If
we fix the form of the equations of state by assuming that those corresponding to a dynamic throat
maintain the form of the static case, the configurations are unstable, as it was previously shown in
the general case [18]. Instead, in the linearized stability analysis, stable configurations are possible
for suitable values of the parameters. When Λ = 0 the stability does not depend on a0, while if
Λ < 0 it depends on the product a0
√
|Λ|. For Λ = 0 and Λ < 0, stable configurations with both
0 ≤ η1 ≤ 1 and 0 ≤ η2 ≤ 1 are possible, so these parameters can be interpreted as the squared
velocity of sound in the corresponding directions. In the Λ < 0 case, this desirable feature is present
for any value of a0
√|Λ| when k is small and only for low values of a0√|Λ| if k is large.
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